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ASYMPTOTIC STABILITY FOR KAHLER-RICCI SOLITONS 


RYOSUKE TAKAHASHI 


Abstract. Let X be a Fano manifold. We say that a hermitian metric <j> on —Kx 
with positive curvature 004 is a Kahler-Ricci soliton if it satisfies the equation 
Ric(w4 — CJ 0 = for some holomorphic vector held Vks- The candidate 

for a vector held Vks is uniquely determined by the holomorphic structure of 
X up to conjugacy, hence depends only on the holomorphic structure of X. We 
introduce a sequence { 14 } of holomorphic vector helds which approximates Vks 
and hts to the quantized settings. Moreover, we also discuss about the existence 
and convergence of the quantized Kahler-Ricci solitons attached to the sequence 
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1. Introduction 

Let X be an n-dimensional Fano manifold and PSH(X,—Kx) the set of (possi¬ 
bly singular) hermitian metrics 4> ° n the anti-canonical bundle —Kx with positive 
curvature current _ 

04 , := ^ 2 ddq.b. 

Z7T 

We regard cj) as a psh weight, i.e., a psh function on AA\{0-section} satisfying the 
log-homogeneity property (e.g., see [BB10] for more detail). Let "H(A, —Kx) be the 
subset of PSH{X , —I\x) consisting of all smooth psh weights. We say that a metric 
4> € K(X, —Kx) is a Kahler-Ricci soliton if it satisfies the equation 

Ric(^) - 04 , = L Vks u$ 
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for some holomorphic vector field Vks (Kahler-Ricci soliton vector field), where 
Ly KS denotes the Lie derivative with respect to Vks- Kahler-Ricci solitons arise from 
the geometric analysis, such as Kahler-Ricci flow, and have been studied extensively 
for recent years. For instance, Chen-Wang [CW14] solved the Hamilton-Tian con¬ 
jecture, which says that Kahler-Ricci flow on a Fano manifold always converges to a 
singular Kahler-Ricci soliton defined on a singular normal Fano variety in the sense 
of Cheeger-Gromov. 

In this paper, we study the existence problem of Kahler-Ricci solitons. As shown 
in [TZ02], a necessary condition for the existence of a Kahler-Ricci soliton is the 
vanishing of the modified Futaki invariant: let Auto (A) be the identity compo¬ 
nent of the automorphism group of A. Since Auto (A) is a linear algebraic group 
[Fuj78], we obtain a semidirect decomposition 

Auto (A) = Aut r (A) x R u , 

where Aut r (A) is a reductive algebraic subgroup (uniquely determined up to con- 
jugacy of Auto (A)), which is the complexfication of a maximal compact subgroup 
K , and R u is the unipotent radical. We often identify a holomorphic vector field 
V such that Im(K) £ t := Lie(A") with its imaginary part := Im(K) € f. Let 
T c be a real torus defined as the identity component of the center of K and put 
t c := Lie(T c ). Then Tian-Zhu (cf. [TZOO], [TZ02]) showed that all Kahler-Ricci 
solitons are contained in the space of K-invariant smooth psh weights 77(A, —Kx) K 
and £vks * s contained in t c , which is uniquely determined as the minimizer of the 
following proper strictly convex function on 6: 

F{V) := [ e m *^MA{<t>), 

Jx 

UJ ri 

where <f> € 77(A, —Kx) K , MA{<J>) := ^jjhn and is the moment map with respect 
to <f). The function T is a holomorphic invariant, i.e., independent of a choice of 
4> € 77(A, —Kx) K and its derivative at V: 

Futv(W) :=- [ m^ w )e m ^ v) MA{(t>) 

Jx 

is called the modified Futaki invariant. 

Thereafter, Berman-Nystrom [BN14] generalized the modified Futaki invariant 
for singular normal Fano varieties with a torus action, and introduced the notion of 
algebro-geometric stability, called K-polystability. They also showed that any Fano 
manifolds admitting a Kahler-Ricci soliton are K-polystable. The converse is also 
true at least in the case of Kahler-Einstein metrics (cf. [CDS15], [Tial5]), however, 
it is still open in general. 

K-polystability is not only the notion of stability for the exsitence problem of 
Kahler-Ricci solitons. We study several functionals on the space of hermitian met¬ 
rics and their asymptotics near the boundary. Then the notion of analytical K- 
polysitability is defined as the strong properness (or coercivity) of the modified 
Ding functional. On the other hand, we also consider its analogue in the space 
Rk of hermitian inner products on H°(X,—kKx) and study their asymptotics as 
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k tends to infinity. Critical points of the quantized functionals are called balanced 
metrics. The existence of a balanced metric is closely related to the stability of the 
projective embedding of X (cf. [Don02], [Don09]). Berman-Nystrom [BN14] showed 
that there exist a certain kind of balanced metrics, called quantized Kahler-Ricci 
solitons and this sequence of metrics converges to a Kahler-Ricci soliton as k tends 
to infinity under some strong assumptions. 

The main purpose of this paper is to perturb the sequence of quantized Kahler- 
Ricci solitons and show their existence and convergence under weaker assumptions. 
First, we construct a sequence {14} of holomorphic vector fields which approximates 
Vks and fits to the quantized settings. More concretely, this sequence is given as 
the following: 

Theorem 1.1. Let X be a Fano manifold and K be a maximal compact subgroup 
of Aut r (X). Then for sufficiently large k, there exists a holomorphic vector field 
14 such that its imaginary part is contained in t c and the corresponding quantized 
modified Futaki invariant at level k vanishes on l c . The vector field 14 is character¬ 
ized as the unique minimizer of the quantization of the function F\i c at level k and 
converges to Vks as k —>• oo in the usual topology of the finite dimensional vector 
space t c . 

Second, we introduce the quantized Kahler-Ricci solitons attached to this sequence 
and show that: 

Theorem 1.2. Assume that (X, Vks) is strongly analytically K-polystable (i.e., the 
corresponding modified Ding functional is coercive modido Auto(X, Vks)), then there 
exists a quantized Kahler-Ricci soliton attached to 14 if k is sufficiently large, which 
is unique modido the action of Auto(X, Vks) and as k —* oo, the corresponding 
Bergman metrics on X converge weakly, modulo automorphisms, to a Kahler-Ricci 
soliton on (X,Vks)- 

As a corollary, we have the following: 

Corollary 1.1. Assume that X is strongly analytically K-polystable (i.e., the Ding 
functional is coercive modulo Auto(X) then there exists a quantized Kahler-Einstein 
metric attached to 14 —>■ 0 if k is sufficiently large, which is unique modido the ac¬ 
tion of Auto(X) and as k —> oo, the corresponding Bergman metrics on X converge 
weakly, modulo automorphisms, to a Kahler-Einstein metric on X. 

The crucial point is that in our results, we need not to assume that the vanishing of 
all the higher order (modified) Futaki invariants, which is, in the case of Vks = 0, an 
obstruction to the asymptotic Chow semi-stability (cf. [Fut04]). Thus we can apply 
our results to even asymptotically Chow unstable Fano manifolds like [OSY12], 

Now we describe the content of this paper. In the next section, we review the basic 
of several functionals on the space of smooth psh weights %{X, —Kx)- The standard 
reference for this section is [BN14], However, in order to prove the convergence 
of quantized metrics in Theorem 1.2, we need to extend functionals for (possibly 
singular) psh weights, which requires a lot of knowledge about the pluripotential 
theory (e.g. [BBGZ13], [BE10], [BN14]). So the reader should see these references 
as needed. 
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In Section 3, we introduce the quantization of the modified Futaki invariant Futy.*, 
and show that the functional Flity^ restricted to t c is strictly proper convex, and 
hence has a unique minimizer 14. This observation and the quantization formula 
(cf. Lemma 3.2) yield Theorem 1.1. Then we review the basic properties of the 
quantized functionals on "Hfc studied in [BN14] and prove Theorem 1.2. The heart 
of the proof of Theorem 1.2 consists of mainly two ideas: 

(1) While Berman-Nystrom considered the torus Tks generated by the Kahler-Ricci 
soliton vector field Vks, we consider the identity component of the center T c (d Tks) 
and the space of T c -invariant hermitian metrics TL(X, —Kx) Tc • Actually, this setting 
seems to be natural since all of fy k lie in its Lie algebra t c by Theorem 1.1. 

(2) The condition Futy K5 = 0 (resp. Futy, = 0) leads to the Auto (A, Vks)~ 

invariance of the functional T> gv ^ s (resp. T>gy k ). Hence the problem can be reduced 
to estimate the difference T> g y Ks — 'Dgy , which is linear along geodesics. On the 
other hand, the standard exhaustion function J ^ has at least linear growth along 
geodesics. Therefore the absolute of 1^gv KS ~ '^ > av k is bounded above by an affine 
function + e' k of J^ with some positive numbers —>• 0 and e’ k —>• 0. This 

leads to the coercivity of T>g v ( and therefore the existence of the quantized Kahler- 
Ricci soliton attached to V).. 

Finally, we mention a result for extremal Kahler metrics proved by Mabuchi 
[Mab09], which says that any polarized manifolds admitting an extremal Kahler 
metric are asymptotically Chow stable relative to an algebraic torus. It seems that 
such a stability for Kahler-Ricci solitons has never been discussed, but it is known 
that relative Chow stability leads to the existence of “polybalanced metrics” (cf. 
[Mabll]). That is why Theorem 1.2 can be seen as an analogue of Mabuchi’s result 
indirectly. 

Acknowledgements. The author would like to express his gratitude to Professor 
Ryoichi Kobayashi for his advice on this article, and to the referee for useful sugges¬ 
tions that helped him to improve the original manuscript. The author is supported 
by Grant-in-Aid for JSPS Fellows Number 25-3077. 


2. Functionals on 'H(X 1 —K x ) t and analytic K-polystability 

Let X and Vks be as in Section 1. Then we see that Vks generates a torus action 
on ( X,-K x ): 

Lemma 2.1 ([BN14], Lemma 2.13). There is a real torus Tks C Aut r (A) which 
acts on (A, —Kx) such that the imaginary part of Vks can be identified with an 
element fv K s e GcS' := Tie (Tks) and TL(X, —Kx) Vks = TL(X, —Kx) T ks - 

Let T C Aut r (A) be an m-dimensional real torus acting on (X, —K x )- For 
4> € TL(X , —Kx) t , we denote the moment map with respect to by 

m $: A 7710 (A) =: P C t* ~ M m , 
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where we identify t* ~ M m using a inner product on t. The image P is a compact 
convex polytope of dimension m, characterized as the support of the Duistermaat- 
Heckman measure 

i' T := ( m,p)*MA(qb), 

which is independent of a choice of (f> G 'H{X, —Kx) T (cf. Proposition 3.1). 

Now we recall several functionals on J~L{X, —Kx) T which play a central role in the 
study of Kahler-Ricci solitons. Let 4>o € 'H(X 1 —Kx) T be a reference metric and g 
a positive continuous function on the moment polytope P. We normalize g so that 
gu T is a probability measure on P. Following [BN14, Section 2.4 and 2.6], we define 
the g-Monge-Ampere energy by the formula 


d£ g\<t>($) = f <j>MA g ((j)), £ g ((j>o) = 0, 

Jx 

where MA g (<j>) := g^m^MA(<j>) denotes the g-Monge-Ampere measure. Then the 
functional £ g satisfies the scaliing property: 


£g(4> + c) = £ g {4>) + c 

for all cj) € P(X, —Kx) T and c£l. Let be a measure on X given by the local 
expression 

/= e~^ u (V^A) n dzi A dz\ A • • • A dz n A dz n , 

where (U;zi,, z n ) denotes a holomorphic local coordinates and 4>u := log 
We define functionals J g and V g by 


_ 9 _ A ... A JL 

dz x A A dzji 


= -£<? 0 ) + £» 0 (<l>), £&>(<!>) ■= [ (<t> - <f>o)dno, 

Jx 


+ £{4>), £{<!>) ■= - log / dg, 

Jx 

where /io := MA(cpo) is a fixed probability measure on X. One can easily see that J g 
and T>y are invariant under scaling of metrics, i.e., functionals on 'H(X, — Kx) T 
When g = 1, we simply write these functionals by £, J and V respectively. 

Remark 2.1. We can extend these functionals to the space £1 1 (A, — Kx) T of all 
T-invariant (possibly singular) psh weights with finite energy (cf. [BN14, Section 
2 and Section 3]). Moreover, the functional J defines an exhaustion function on 
£ x (X, —K- v)/R in the sense that each level set of J is compact in L 1 -topology (cf. 
[BBGZ13, Lemma 3.3]). 

Next we set T = Tks and g = gv KS := ex P((£ vks>‘ ))• Then the corresponding 
functional T> g = T> gv ^ s is called the modified Ding functional. By [BN14, Lemma 
3.4], we have 

lv gvKS (eMtW)*0) = Futv^(W). 

Moreover, critical points of P > g VKS are Kahler-Ricci solitons with respect to Vks■ 
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Definition 2.1 ([BN14], Section 3.6). We say that a pair ( X,Vks ) is strongly 
analytically K-polystable if the modified Ding functional D gVi is coercive modulo 
Auto (AT, Vks), i-e., 

v g (4>)>8 inf (j) <E 'H(X,-K x ) Tks 

KS F£Aut 0 (X,V KS ) 

for some positive constants <5 and C, where Auto(AT, Vks) be a subgroup of Auto(A) 
consisting of elements which commute with the action generated by Vks- 

Theorem 2.1 ([BN14], Theorem 3.11). If a pair ( X,Vks ) ' iS strongly analytically 
K-polystable, then ( X,Vks ) admits a Kdhler-Ricci soliton (as a unique minimizer 
of the modified Ding functional up to the action of Auto (A, Vks))- 


3. The quantized setting 

3.1. The quantization of ^-functional, the modified Futaki invariant and 
the Duistermaat-Heckman measure. Let X and T be as in Section 2. 


Lemma 3.1. Assume that m := dimT is greater than 1 . Then the poly tope P 
contains the origin in its interior int(P). 


Proof. Since the lift to —Kx is canonical, we have an equation 

-Agm^v) + m^fv) + V (k^) = 0 
for all £y e t, where is the function defined by 

Ric(w^) - = ^^ddK (j) . 

Integrating by parts, we find that 


(3.1) [ m^ v )e K *MA{<f,)= 0. 

Jx 

Since m > 1, is not a constant. Thus the equation (3.1) implies that for any 
£y, an inequality rri^ffy) > 0 holds on some nonempty open subset of X. Now we 
assume that 0 fL int(P), then we can choose an element £ € W 71 so that H^nint(P) = 
0, where H £ a hyperplane which is orthogonal to £ and contains the origin. Then 
either of m^(±£y) is semi-negative on X. This is a contradiction. □ 


We define the functions J- k and Futy^ as 


(3.2) 

MW) := kTra.ce(e w ' k )\ H0{Xt _ kKx) , 

(3.3) 

Fut v , k (W) 

Pk{v+tw) 

1=0 

We set 

N k := dim H°(X, -kK x ), 


then these functions give the quantization of T and Futy: 
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Lemma 3.2 ([BN14], Proposition 4.7 or [Takl4], Proposition 2.8). Let V be a 
holomorphic vector field generating a torus action and W a holomorphic vector field 
generating a C *-action and commuting with V. Then we have identities 

MV) 


P{V) = lim 

k—> oo 


kN k 


1 


Put V (W) = lim —-Futv, fc (W). 

k —>oo kl\ k 


If we apply the equivariant Riemann-Roch formula to Futy^VF), we have an 
expansion 

Fut Vik (W) = Fut { y\w)k n+1 + Fut { y\w)k n + • • • , 

where Futj^(W) is the ?'-th order modified Futaki invariant introduced in [BN14, 
Section 4.4], 


Lemma 3.3. The function P k \t c is a proper strictly convex function if k is suffi¬ 
ciently large. 


Proof. We use the following proposition: 


Proposition 3.1 ([BN14], Proposition 4.1). Let P k := {A®} C be the set of all 
weights for the action of the complexified torus T c on H°(X, —kKx), i.c., there is 
a decomposition 


H°(X, —kK x ) = © E x{k) . 

A f } eP fc 


Then the spectral measure: 

1 N k 

"‘ := /* 
i= 1 

supported on P k /k converges to the Duistermaat-Heckman measure u T weakly as 
k ^ oo, where denotes the Dirac measure at A ^/k. In particular, v T does 

not depend on a choice of cf> € H(X, —Kx) T - 


For any 0) € t c , the functional P k along the line fiy + tfw (t € M) can 

be written as the form 


N k 

Pk{V + tW) = k exp (v^/k + tw^/k), 

2—1 


where := {fiy, A^) and v^ := (£w> Aare joint eigenvalues of the commuting 
action generated by Re(P) and Re(W). Then Proposition 3.1 implies that the 
functional P k {V + tW) of t is strictly convex for any fvifw G t c if k is sufficiently 
large and hence T k is strictly convex. 

In order to prove the properness, let {fwj} Ct c ~ M m be any sequence such that 
\£,Wj\ —> oo as j —> oo. For e > 0, let P e be the interior compact convex polytope 
with faces parallel to those of P separated by distance e. By Lemma 3.1, we can 
choose e > 0 so that int(P e ) contains the origin. Then Proposition 3.1 implies that 
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(k) 

there exists k$ such that for all k > ko and G M m , there exists an eigenvalue A- ' 
satisfying 

A f ] /k G P ~ Pe, 
cos(angle(^vVj A^)) > 1 — e. 

(k) 

For each we choose the eigenvalue A1 satisfying the above condition. Then 
we obtain 

:= ~ ' in %dP e |£l • (! - e) -> oo 

as j — > oo. Hence we have 

N k 

Fk{Wj) = k exp ( w< ^i /k) > k exp(w^ {j) /k) ->• oo 

as j —>• oo. This completes the proof of Lemma 3.3. □ 

Let 14 be the unique minimize! - of J- k | t c . 


T/ie proof of Theorem 1.1. By Lemmas 3.2 and 3.3, we find that the unique rnini- 
rnizer 14 converges to the unique minimizer of J 7 , i.e., the Kahler-Ricci soliton vector 
field as k oo. Since 14 € tj? and T k is adjoint invariant (so is Trace in the defining 
equation (3.2) of F k ), we have 


Futyj, ,fc(AdjrW) 


d_ 

dt 


F k (V k +tAd F W) 
t =o 


d_ 

(it 


^(Vfc+iVF) = Fut!4, fc (lT) 

t =o 


for any F G Aut r (X) and IT G f c . In particular, set F s := exp(sT) (V G t c ) and 
differentiating at s = 0 yields 


Futv fc ,fe([T, W]) = 0. 


Moreover, the formula f c = tjr © [t c ,t c ] yields that Futy fc)k vanishes on the entire 
space t c . This completes the proof. □ 


3.2. The g-Bergman measure and quantized functionals. Let A be a Fano 
manifold, n a T-invariant measure, and Ti k the space of hermitian inner products 
on H°(X, —kKx). We define two operators: 

Hiib k ^g-. u(x 1 -k x ) t -+nl, 

FS k : HI^H{X,-K x ) T 

by the formula: 


(3.4) 


||„( fc )||2 , = 
ll*j II Hilb k ^ g (<j>) ' 


giX^/k)- 1 [ l4 fe) | 2 e- fe % 

Jx 


for 


,(fc) 


G F (q, 


(3.5) 


N k 


FS k (H) := — log 


— T\ 

N k ^ 1 


2=1 


where we denote an LZ-orthonormal basis by {sj} and extend Hilb k:fJjjg to a hermitian 
inner product on the space H°(X, —kKx) by requiring that the different subspace 
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E (k) are orthogonal to each other. We note that the map FSk is independent of 

i 

a choice of an if-orthonormal basis {sj}. Actually, FSk{H) is just the pull-back of 
the Fubini-Study metric with respect to H. In the case when // = we drop the 
explicit dependence of g from the notation and simply write 


Hilbk, g {(f>) ■— 


Let H 0 ■= Hilbk tflo {4>o) € 7fJ c (cj )o € H(X, — Kx) Tc ) be a reference metric. We 
normalize g so that gvk is a probability measure on P. We define the quantization 
of the functional £ g as 


( 3 . 6 ) £<*>(«) 


E 

A f } ePfc 






£ 


(k) 


E x w W 


1 

w~ k 


log det H\e ( k) , 


where we compute the determinant in reference to the metric Hq. We have an 
isomorphism 

Hk-GL(N k ,C)/U(Nk) 

with respect to Hq, which implies that Hk is a Riemannian symmetric space and 
therefore geodesics are given as the decomposition of the exponential map and the 
projection GL(Nk,C ) — > GL(Nk,C)/U(Nk). Let sf ;> € £,(*■) be an Tfo-orthonormal 

/ 'i 

and ift-orthogonal basis. Then any geodesic can be represented by s^) = 

e _/ 4 )t Ho(sf ; \ s^) for some € R. Thus we have 


Af fc 

i= 1 

(k) 

Hence the functional ; has linear growth along geodesics. We define the quanti¬ 
zation of the functionals J g , V g as follows: 

( 3 . 7 ) JW{H) := -S^W+C^FSkiH)), 


( 3 . 8 ) Vf\H) := -£<*>(#) +C{FS k {H)). 

These functionals are invariant under scaling of metrics and descend to functionals 
on the space 77T C /R. When g = 1, we simply write these functionals by £^ k \ J^ 
and respectively. 

Now we will explain that the quantized functionals £ g k \ Jg 1 '' 1 and 'Dg ' 1 are, to the 
letter, the quantization of the corresponding functionals on 7 i(X,—Kx) T respec¬ 
tively. We start with mentioning the (^-Bergman function: 

( 3 - 9 ) Pk,no,g{4>) ■= 9{>^/k)ph,M) 

A f’ePfc 


h,g,o,gi,4 > ) AT Pk^o^gifi) ' P 0 ) 
Hk 


and g-Bergman measure 
( 3 . 10 ) 
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where p k ,no,gift) is the ordinary Bergman function of the subspace E (*,). We use the 

''i 

following convergence of measures: 

Proposition 3.2 ([BN14], Proposition 4.4). Assume that g is smooth, then for any 
4> G TL(X, — Kx) T , we have the uniform convergence 

Pk,gif') MAg((f). 

Now we are ready to prove the quantization formula (cf. [BN14, Proposition 4.5]). 
Proposition 3.3. The following pointwise convergence holds as k —>• oo: 

J&XHilb^m Jg(4 >), 

Vf\Hilb k ^ 0 {(f)) ^V g {(f). 

Proof. The direct computation yields that 

E^Xmibk^m = + (1 - 1)4> o)) dt 

(because £^{Hilb k ^ 0 {4> o)) = 0) 

= [ [ (4>- <t>0)Pk,ix 0 ,g( t( t> + (1 - t)(f > 0 ) 

Jo Jx 

(by [BN14, Proposition 4.5]). 

Combining with Proposition 3.2, we have 

£^ k XHilb k ^ 0 {4>)) ->• [ [ (cf - 4 >q)MA g {t<j) + (1 - t)4> 0 ) = £ g {4>). 

Jo Jx 

Moerover, by definition, 

(3-11) FS k o Hilb k ^ g {4)) - (j> = ^ log (J^Pk,u 0 ,<?(</>)) ■ 

Thus using Proposition 3.2 again, we have a uniform convergence 

FS k o Hilb k:tt0:9 (4 >) ->• f. 

The last two parts follow from the defining equations (3.7), (3.8) and pointwise 
convergence £ g k ' > o Hilb k , IM} —> £ g . □ 

3.3. Modification of quantized Kahler-Ricci solitons. We adopt the same no¬ 
tation as in Section 3.2. We set T = Tks- 

Definition 3.1 ([BN14], Section 4). We say that a metric FJ k € is a quantized 
Kahler-Ricci soliton if it satisfies the equation 

Hilb k , gvKs o FS k (H k ) = H k . 

Berman-Nystrom showed the following: 
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Theorem 3.1 ([BN14], Theorem 1.7). Assume that (X,Vks) is strongly analyti¬ 
cally K-polystable (i.e., the corresponding modified Ding functional is coercive modulo 
Auto(AT, Vks)) and all the higher order modified Futaki invariants of (X, Vks) van¬ 
ish, then there exists a quantized Kahler-Ricci soliton if k is sufficiently large, which 
is unique modulo the action of Auto(X, Vks) and as k —>• oo, the corresponding 
Bergman metrics on X converge weakly, modulo automorphisms, to a Kahler-Ricci 
soliton on (X,Vks)- 

We want to weaken the assumption in the above theorem. For this, we set T = T c 
and introduce a slight modification of the notion of quantized Kahler-Ricci solitons: 

Definition 3.2. Let {14} be a sequence of holomorphic vector fields constructed 
in Section 3.1. We say that a metric H k € TL k c is a quantized Kahler-Ricci soliton 
attached to 14 if it satisfies the equation 

Hilh KgVk o FS k (H k ) = H k . 

Then the quantized Kahler-Ricci soliton attached to 14 are characterized as crit- 

(k) 

ical points of the quantization of the modified Ding functional D<j\' k ■ Moreover, by 
[BN14, Proposition 4.7], we have 

(exp {tW)'H„) = Fn 44 <W ° 

Proof of the Theorem 1.2. This proof is mostly based on the original proof given by 
Berman-Nystrom. The reader should refer to [BN14, Theorem 1.7]. 

The coercivity of D 9Vks implies that the equation 

V gvKs (FS k (H)) > 5J(FS k (F*H)) - C 

holds for some F € Auto (X, Vks), where we note that two operations FS k and F* 
are commutative. Then the LHS can be written as 

V 9VK3 (FS k {H)) = V 9VKs (FS k (F*H)) (because Fut^ s = 0) 

= Jgv KS ( FS k (F*H )) + (£ — C, 0 )(FS k (F*H)). 

On the other hand, since gv K s bounded, we obtain 

5J(FS k (F*H )) -C> 5'J 9Vks ( FS k (F*H )) - C 

for sufficiently small 5' > 0 depending only on gv KS ■ Thus we obtain 

(3.12) J 9Vks (FS k (F*H))(l - 5') + (C — C go ))FS k (F*H)) > -C. 

Now we use the following lemma, which compares the two functionals Jg Vrs ° FS k 

and Jq\) '■ 

y y Ks 

Lemma 3.4 ([BN14], Lemma 4.10). There exists a sequence 8 k —>• 0 of positive 
numbers such that 


J 9Vks ( FS k (H )) < (1 + S k )J$ Ks (H) + S k . 
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Hence if we take k sufficiently large so that (1 + 4)(1 — S') < 1 — 4 and 5^(1 — S') < 
C hold, we have 

(3.13) J 9VKg (FS k (F*H))( 1 - 5') < Jgy KS (F*H) (l - |) + C. 

Thus we obtain 


> 

> 


J av KS ( F * H ) + (£ - £, 0 )(FS k (F*H)) 

P$ KS (F*H) - 20 (by (3.12) and (3.13)) 

5 " 

__ji k )^F*H) — 2C (because fjv KS is bounded). 


Now we consider the difference of the two modified Ding functionals: 


T)( fc ) _ T>( fc ) = _f( k ) f( k ) 

9V KS ^9v k °9V KS ^ °9v k ’ 


which has linear growth along geodesics explained above. On the other hand, the 
functional J^ is an exhaustion function on "H^/R and has at least linear growth 
along geodesics (cf. [Don09, Proposition 3] or [BBGZ13, Lemma 7.6]). The following 
Lemma was inspired by these observations: 


Lemma 3.5. The inequality 

(3.14) -e k - 4 < V$ ks - < e k J^ + e ' k 

holds for some sequences of positive numbers e k —>• 0 and e’ k —>• 0. 

Proof. We set e k := sup P \fjv KS ~9v k |+2 _fc and define the functional £ F> +gv ,~ 9Vk ■= 

e k £ (fc) + £f!v KS ~ £gv k • Tlien we have e k 0 since V k ->• V K s and g Vk ->• gv KS 
uniformly on P. By scaling invariance of (3.14), we may assume that H is normalized 
by £^'+g v ^ _ y v (77) = 0. Now we consider a (non-trivial) geodesic H t starting at 

Hq with eigenvalues (n^). Then our normalization condition implies that /i max : = 

max(/i|^) is positive. Thus, computing in the similar way as in [Don09, Proposition 

i 

3], we have 

{e k J {k) - V<$ Ka + V^ k )(H t ) = e k C^(FS k (H t )) > e k g max t + (const) -> oo 

as t —>• oo. Hence the functional e k J^ — is coercive. To get the 

second assertion 4 —>• 0, we use the ^-analogue of calculation techniques developed in 
[BBGZ13, Section 7]. In what follows all 0(1) and o(l) are meant to hold uniformly 
with respect to H £ 77^ as k —>• oo. We use the normalization 

C^(FS k (H)) = 0 


sup (FS k (H) - 4> 0 ) < 0(1), 
x 


so that 
(3.15) 
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and a reference point H$ := Hilbk t n 0 ,e k +gv KS -g v (</>o)- Let H t be a geodesic joining 
Hq to H := i/i € and put 

u(i?) := ^ FS*(fl*). 

t=o 

Then we have the formula 

(3.16) sj: k \_g VKs _g Vk (H) = f v(H)Pk,no,ek+g VKS -a Vk (M + °(l)i 

J X 

where the error term o(l) in the RHS comes from the change of base points from 
Hq to Hq. Then v{H) is estimated as 

v(H) < FS k (H) — FSk{Ho) (by the convexity of FS k (H t )) 

= FS k (H ) - FS k {Hilb kM+gvKs _ gVk (M) 

= FS k (H) — 0o — — log ^j^-Pk,n 0 ,e k +g VKS -g Vk 

< FS k (H) log (^2-V w (</>o)) 

(by the definition of e k ) 

< 0(1) (by (3.15) and Proposition 3.2). 

On the other hand, by the uniform covergence gy k —>• gv K s an< i Proposition 3.2, the 
positive measure Pk,ixo,e k +g VKS -gv k (</>o) goes to 0 uniformly as k —>• oo. Hence we 
obtain 

£ et+9v KS -9v k ( H ) ^ SU P v(H) f P k ,no,e k +g VKS - gVk (M + o(l) < e' k 
X J x 

for some positive number e'. —> 0. Therefore 

5 +©£>)(«) = a -4- 

One can prove another inequality in the similar way. □ 

By Lemma 3.5, we have 

V^(H) = VW(F*H) (Because Futy fc ,fc = 0) 

> vW Ks (F*H)-e k jW(F*H)-e' k 

> ( K Y~^J {k \F*H)-2C-e , k . 

Thus we have 

(3.17) T>£) (H) > — inf J^(F*H) - 30 

for sufficiently large k. Since J^ is an exhaustion function on 'H^ c /M, we find that 
there exists a unique quantized Kalrler-Ricci soliton H k at level k up to the action of 
Auto(-X') Vks) if k is sufficiently large. We normalize H k so that the corresponding 
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metric (j> k := FS k (H k ) minimizes J on the corresponding Auto (A, Vk-g)-orbit. Then 
the minimizing property of H k implies (H k ) < Vgy k (Hilb ktlXo ((j))) f° r all 4> € 
H(X, —Kx) T c - Thus letting k -> oo, we obtain 

(3-18) vW(H k )<V gVKs (<i>) + lk 

for all cj) € ~H(X, —Kx) Tc , where f k = 7 k (cj)) —> 0 is a sequence of constants depend¬ 
ing on cj). On the other hand, we have 

'Dgvrc ( <t>k ) < F> (k J (H k ) + d k J (k) (H k ) + 5 k (Lemma 3.4 and g\/ KS is bounded) 

J\o j v KS 

< vW(H k ) + 6' k J {k \H k ) + 6' k (by Lemma 3.5), 
where J^ k \H k ) is bounded from above by (3.17) and (3.18). Thus we have 

1{ ^ V 3Vks^ ^ V 9V K M 


for all (j) € 'H(X,—Kx) Tc - Since the set 'H(X,—Kx) Tc contains a Kahler-Ricci 
soliton with respect to Vks ■ i.e., a minimizer of Pg Vj , s on £ l (X, — Kx) Tks , we have 


iim in f v gv KS ( 0 fc) < 


inf 

<j>e£ 1 (X,-K x ) T KS 


V 


gv K 


(</>)■ 


This yields that {4> k } is a minimizing sequence of the functional 'D 9Vks . Since 
J {k \H k ) is bounded, J((f> k ) is also bounded by Lemma 3.4. Thus {( p k } is contained 
in a compact sublevel set of J, and there exists a subsequence which converges 
to some metric (j)^ € £ 1 {X,—Kx) T ks - Since 'Dg VliS is lower semi-continuous (cf: 
[BBGZ13, Lemma 6.4], [BN14, Proposition 2.15]), we obtain 

V gv KS ('/’oo) < I™inf F> g (4> k ) < inf V gv KS (</>)> 

hence (p 00 is a Kahler-Ricci soliton with respect to Vks-, which is smooth by the 
regularity theorem [BN14, Theorem 1.3]. The metric (p oo may depend on a choice of 
a convergent subsequence. However, by our normalization of (j) k . we know that (p oo 
minimizes J-functional on the space of Kahler-Ricci solitons with respect to Vks, 
which can be identified with the space Auto (A, Vks) (fro o/X, where K is the stabilizer 
of (/>oo (cf. [BN14, Theorem 3.6]). Since J is strictly convex on Auto (A, Vks)4>oo/K 
with respect to the natural Riemannian structure (where geodesics are one parameter 
subgroups), such a minimizer is uniquely determined. Therefore, the metric q^ is, 
in fact, independent of a choice of a subsequence, which yields that <p k converges to 
a Kahler-Ricci soliton cp oo weakly. This completes the proof. □ 


References 

[BB10] R. Berman and S. Boucksom, Growth of balls of holomorphic sections and energy at equi¬ 
librium, Invent. Math. 181 , 337-394 (2010) 

[BBGZ13] R. Berman, S. Boucksom, V. Guedj and A. Zeriahi, A variational approach to complex 
Monge-Ampere equations, Publ. Math, de 1’IHES 117 , 179-245 (2013) 

[BE10] S. Boucksom and P. Eyssidieux, Monge-Ampere equations in big cohomology classes, Acta 
Math. 205 , 199-262 (2010) 



15 


[BN14] R. J. Berman and D. W. Nystrom, Complex optimal transport and the pluripotential theory 
of Kahler-Ricci solitons, arXiv:1401.8264 

[CDS15] X. Chen, S. Donaldson and S. Sun, Kahler-Einstein metrics on Fano manifolds, III: limits 
as cone angle approaches 2n and completion of the main proof, J. Am. Math. Soc. 28, 235-278 
(2015) 

[CW14] X. Chen and B. Wang, Space of Ricci flows (II), arXiv: 1405.6797 

[Don02] S. K. Donaldson, Scalar curvature and projective embeddings, I, J. Differ. Geonr. 59, 479- 
522 (2001) 

[Don09l S. K. Donaldson, Some numerical results in complex differential geometry, Pure Appl. 
Math. 5, 571-618 (2009) 

[Fuj78] A. Fujiki, On automorphism groups of compact Kahler manifolds. Invent. Math. 44, 225-258 
(1978) 

[Fut04] A. Futaki, Asymptotic Chow semi-stability and integral invariants, Int. J. Math. 15, 967- 
979 (2004) 

[Mab09] T. Mabuchi, An energy-theoric approach to the Hitchin-Kobayashi correspondence for man¬ 
ifolds, II, Osaka J. Math. 46, 115-139 (2009) 

[Mabll] T. Mabuchi, Asymptotic of polybalanced metrics under relative stability constraints, Osaka 
J. Math. 48, 845-856 (2011) 

[OSY12] H. Ono, Y. Sano and N. Yotsutani, An example of asymptotically Chow unstable manifolds 
with constant scalar curvature, Annales de l’lnstitut Fourier 62, 1265-1287 (2012) 

[Takl4] R. Takahashi, On the modified Futaki invariant of complete intersections in projective 
spaces, arXiv: 1410.4891 

[Tial5] G. Tian, K-stability and Kahler-Einstein metrics, Commun. Pure Appl. Math. 68, 1085- 
1156 (2015) 

[TZ00] G. Tian and X. H. Zhu, Uniqueness of Kahler-Ricci solitons, Acta Math. 184, 271-305 

( 2000 ) 

[TZ02] G. Tian and X. H. Zhu, A new holomorphic invariant and uniqueness of Kahler-Ricci soli¬ 
tons, Comment. Math. Hclv. 77, 297-325 (2002) 

Graduate School of Mathematics, Nagoya University, Furo-cho, Chikusa-ku, Nagoya, 

464-8602, Japan 

E-mail address: mll036a@math.nagoya-u.ac.jp 



